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Abstract. We study the topological entropy of the magnetic flow on a closed riemannian surface. 
We prove that if the magnetic flow has a non-hyperbolic closed orbit in some energy set T'^M = 
E~^{c), then there exists an exact C°° -perturbation of the 2-form such that the new magnetic 
flow has positive topological entropy in T'^M . We also prove that if the magnetic flow has an 
infinite number of closed orbits in T'^M, then there exists an exact C'^-perturbation of O with 
positive topological entropy in T'^M . The proof of the last result is based on an analog of Franks' 
lemma for magnetic flows on surfaces, that is proven in this work, and Mane's techniques on 
dominated splitting. As a consequence of those results, an exact magnetic flow on in high 
energy levels admits a -perturbation with positive topological entropy. In the appendices we 
show that an exact magnetic flow on the torus in high energy levels admits a C°° -perturbation 
with positive topological entropy. 



1. Introduction and statements. 

Let M be a closed and oriented surface with a smooth riemannian metric g and tt : TM — * M its 
tangent bundle. Let loq be the symplectic structure on TM obtained by pulling back the canonical 
symplectic structure of the cotangent bundle T* M using the riemannian metric g. For any x G M, 
let i : T^M T^M be the linear map such that {v, i ■ v} is a positive oriented orthogonal basis for 
T^M . Consider the 2-form Op in M defined by: 

^Iq{x){u, v) — gx{ i ■ u ^ V ) ( Area form ). 

We denote by r2^(M) the set of all smooth 2-forms on M. Since M is a surface, if e r2^(M), 
there exist a smooth function / : M M such that — / • ilo- Therefore, we can consider the 
C'^-topology in ^^^{M) as being the C'^-topology in the space of smooth functions on M, which we 
denote by C*=(M). 

Given H. — f ■ G rt^{M), let Lu{il.) be the symplectic structure in TM defined by 

uj{fl) ~ ujq + 7r*f2 = luq + {f o tt) ■ 7r*fio 
which is called the twisted symplectic structure. Let E : TM — > 5? be the hamiltonian given by 

E{x,v) = —gx(v,v) (Kinetic Energy). 

The magnetic field associated to is the hamiltonian field X{Q) = of the hamiltonian E with 
respect to uj{^l). The magnetic flow associated to J7 is the hamiltonian fiow (j)t{^) = 4't ■ ^-^^ ~^ 
induced by the vector field X{^). This fiow models the motion of a unit mass particle under the 
effect of the Lorentz force Y = f ■ i. In other words, a curve 1 1-^ {j{t), 7(t)) C TM is an orbit of (f>t 
if and only if 7 : 5? ^ M satisfies: 

(1) ^7->^7(7) = /(7)*-7- 
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Observe that if = (i.e. / = 0), the above equation coincides with the geodesic equation on M 
for the riemannian metric g. A curve which satisfies equation ([T|) is called an ^-magnetic geodesic. 

For c > 0, let T^'M be the bundle defined by T^M = E-^{c). Note that T'^M is a compact 
invariant submanifold of TM and that the restriction of 0p to T'^M has no fixed points. 

When Q. is an exact 2-form (i.e. il = drf), we can define the convex and superlinear lagrangian 

: TM R&s 

Lr,{x,v) = ^gx{v,v) - r^x{v). 

Computing the Euler-Lagrange equation of L, we obtain that the extremal curves coincide with the 
dyy-magnetic geodesies. Then the magnetic flow associated to dr) can be studied as a lagrangian flow. 
In this case the flow is called exact magnetic flow. 

Magnetic flows have attracted considerable attention in recent years. This class of dynamical 
systems was first considered by V.I. Arnold in [2] and by D. V. Anosov and Y. G. Sinai in pj. 
remarkable properties of magnetic flows were obtained by many authors; we refer to [T4 l [28 l [6l[5lll0j. 
In this work we are interested to study the behavior of the functional il >— > htop{^^, c) for a prescribed 
energy level c > 0, where htop{^,c) = htop{g,^, c) denotes the topological entropy of 0^]^,^^^^. 

The topological entropy is a dynamical invariant that, roughly speaking, measures its orbit struc- 
ture complexity. Its precise definition can be found in . The relevant question about the topological 
entropy is whether it is positive or vanishes. Standard arguments in dynamical systems show that 
if a flow contains a transversal homoclinic orbit then it has positive topological entropy (in fact it 
contains a nontrivial hyperbolic set). Conversely, if htop{^, c) > 0, the result of A. Katok implies 
that (f)^ presents a transversal homoclinic orbit in T'^M. In particular, it has infinitely many closed 
orbits. 

The main results of this paper are: 

Theorem 1.1. Let M be a closed oriented surface with a smooth metric g. Let be a 2-form on 
M and c > 0. Suppose that the magnetic flow 0p has a non-hyperbolic closed orbit in T'^M . Then 
there is an exact 2-form drj of arbitrarily small norm, in the -topology (with 4 < r < cx)j, such 
that htopi^ + drj, c) > 0. 

Theorem 1.2. Let M be a closed oriented surface with a smooth metric g. Let Q be a 2-form 
on M and c > 0. Suppose that the magnetic flow has an infinite number of closed orbits in 
T'^M . Then there is an exact 2-form drj of arbitrarily small norm, in the -topology, such that 
htopi^ + drj, c) > 0. 

Two important tools to prove these theorems are a version of the conservative Kupka-Smale 
theorem for magnetic flows on surfaces, and a family of generic properties for the k-jet of the 
Poincare map of all closed orbits, both proven in [57]. We will give the precise statements in section 
2. In order to prove theorem II. li we will show that if there exists a non- hyperbolic closed orbit 
in T'^M , then we can approximate O by another 2-form in the same cohomology class of fl, such 
that, the corresponding magnetic flows has an elliptic closed orbit in T'^M for which the Poincare 
map is a generic exact twist map in a neighborhood of the elliptic fixed point. Then, a result of 
Le Calvez [50] implies that the Poincare map has a transversal homoclinic point. Therefore, the 
magnetic flow can be approximated by another one with positive topological entropy. We will give 
the details of these arguments in section 3. Hence, in order to prove theorem ll.2i we can assume 
that all closed magnetic geodesies in T'^M are hyperbolic. Using Marie's technique of dominated 
splitting [21] and an analog of the Franks' lemma (theorem 14. 1|) for magnetic flows on surface, we 
will obtain a nontrivial hyperbolic set of (/>p in T^M. Since Mane's technique and Franks' lemma 
only work in the C^-topology, we only obtain this approximation in the C^-topology. The details 
and statements are given in section [5] 
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Let us now describe an application of theorems 11.11 and 1 1 . 21 to exact magnetic flows on S"^ in high 
energy levels. We recall the definition of the strict Mane's critical value for convex and superlinear 
lagrangians (cf. [23l [8] and [29]). Let L : TM ^ M he a convex and superlinear lagrangian. The 
strict Mane's critical values of L is the real number co(L) such that 

co{L) — mf{k e K; / {L{-f{t),j{t)) + k) dt > for any absolutely continuous closed curve 7 
Jo 

homologous to zero defined in any closed interval [0,T]}. 

It is well known that for an arbitrary surface M, if = drj and c > co{Lrj), then the restriction 
of the exact magnetic flow in the energy set T°M is a reparametrization of a geodesic flow in the 
unit tangent bundle for an appropriate Finsler metric on M (cf. [9j). Recall that a Finsler metric 
is a function F : TM M such that: F is differentiable away from the zero section, its second 
derivative in the direction of the fibres is positive defined and F{x, X v) = XF{x, v) for all A > and 
{x,v) £ TM. If g is a riemannian metric on A/, then F{x,v) = is a trivial example of 

a Finsler metric. We say that a Finsler metric is bumpy if all closed geodesies are non-degenerate, 
this is, if the linearized Poincare map of every closed geodesic does not admit a root of unity as an 
eigenvalue. 

Many results for geodesic flows of a riemannian metric remain valid for Finsler metrics, but, in 
contrast with the riemannian case, there exist examples of bumpy Finsler metrics on S'^ with only 
two closed geodesies. These examples were given by Katok in |17j and were studied geometrically 
by ZiUer in [35]. 

The following theorem is a particular case of a result proved by Radamacher in [301 theorem 
3.1(b)] for bumpy geodesic flows on compact simply-connected manifold satisfying a topological 
condition over its rational cohomology algebra H*{M,<Q). This condition holds for S"^ and this 
result remains valid for bumpy Finsler metrics (cf. [30[ pg. 81]). See also the theorem proved by 
N. Kingston in [15l section 6.2]. 

Theorem 1.3. Let F : TS^ M be a bumpy Finsler metric on S"^. Suppose that there are only 
finitely many closed geodesies for F in S"^ . Then there is least one non-hyperbolic closed geodesic. 

Combining theorem 11.31 with theorems 11.11 and 11.21 we obtain the following proposition, which is 
a version of a result for geodesic flows on S"^ proved by G. Contreras and G. Paternain in [12], for 
the class of flow studied here. 

Proposition 1.1. Let il — drj be an exact 2-form in {S'^,g). Then, for any c > Co{Ljj) there is an 
exact 2-form dfj on S"^ , of norm arbitrarily small in the C^-topology, such that htop{d{r] -\-rj), c) > 0. 

A 2-form on M is said to be weakly exact if its lift to the universal covering M of M is exact. 
Of course an exact form is weakly exact. If is weakly exact then the lift of the magnetic flow to 
M is an exact magnetic flow and we can define the critical value c{g, ft) ~ c{il) as the strict critical 
value of the lagrangian on TM corresponding to the lifted flow on TM, that can be inflnite. In fact 
c(f2) < cxD if and only if the lift of has a bounded primitive (cf. [5]). For surfaces M of genus 
> 2, each il £ r2^(M) is weakly exact and we always have c(0) < 00. In this case, K. Burns and 
G. Paternain proved that htap{U, c) > for all G J7^(M) and for all c > c{n) fS', proposition 5.4]. 

In Appendix [Xl using results of [23], [TT] and [21], we prove a result analogous to proposition ll.il 
for the two-dimensional torus by performing perturbations in the C°°-topology. 

2. PRELIMINARIES: GENERIC PROPERTIES 

In this section we will give the statements of some results proved in [57] that we shall use in the 
proof of the main results of this work. 
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We say that a property P is -generic for magnetic flows if, for any c > 0, there exists a subset 
0(c) C rj2(M), such that: 

(a) The subset Oh{c) := 0(c) (1 {fl e n^{M); [Q] = h} is C-residual in {fl e n^{M); [Q] = h}, 
for all h G ir2(M, JR). 

(b) The flow has the property P, for aU n G ©(c). 

The following theorem is a conservative version of the Kupka-Smale theorem for magnetic flows 
on surfaces. 

Theorem 2.1. [271 theorem 1.2] Let M he a closed and oriented surface with a smooth metric g. 
The following property: 



is -generic for magnetic flows on surfaces, with 1 < r < oo. 

Let us recall some facts about the jet space for symplectic maps in {JR^^, oja). Let Diff^^ {M^''\ 0) 
be the space of smooth symplectic diffeomorphisms / : {lR.'^",uj()) {IB?'^\ujq) that fix the origin. 
Given k G consider the equivalence relation in Dif f^^{lR^'^ defined as: 



We define the k-jet of / G Diff^g{lR'^'\0), which we wiU denote by j''{f) = j''(/)(0), as the 
equivalence class with respect to the relation The space of symplectic k-jets Js{n-) is the set of 
all equivalence class with respect to the relation of elements of Dif f^„{lR^^ When fc = 1, we 
can identify Jg{n) with Sp{n). We say that a subset Q C J^{n) is invariant when a ■ Q ■ a^^ = Q, 
for aU a G Jg (n) . 

Let dt — (f>^{d) be a periodic orbit with period T > in T'^M and E C T'^M be a local transversal 
section in the energy level T'^M over the point 9. Then, the twisted symplectic form lu(D,) induces 
a symplectic form on S and the Poincare map P{9, S, $7) : E — > S preserves this form. Therefore, 
using Darboux coordinates, we can assume that j'^{P{9, E, il)) G Js{l)- The fact that j''{P{9, E, ft)) 
belongs to an invariant subset Q is independent of the chosen section E C T'^M and of the chosen 
coordinates of E. 

Theorem 2.2. theorem 1.3] Let 9t = (f)^{9) be a closed orbit. Let Q C J^{1) be an open ana 
invariant, such that j^{P[9,Yi,U,)) G Q. Then there exists an exact 2-form drj G Vl^{M), arbitrarily 
C^' -close to zero, with r > k, such that 

(i) 9t is a closed orbit of (f>f^'^^ and 



Let us recall the Birkhoff's Normal Form (for a proof see [3H pg. 222]). 

Theorem 3.1. Let f be a diffeomorphism defined in a neighborhood of d IR^ such that f 
preserves the area form dx A dy and /(O) = 0. Suppose that the eigenvalues of dof satisfy: |A| = 1 
and A" ^ 1, for all n G {1, 4}. Then there exists a diffeomorphism h, defined in a neighborhood 
of such that: h(0) — 0, h preserves the form dx A dy and 

h-^ofo h{r, 9) = {r , 9 + a + l3r'^ ) + 0{r'^) 

in polar coordinates {r,9). Moreover, the property of P depends only on f. 

We say that a homeomorphism / : [a, 6] x S"^ — > [a, b] x S"^ is a twist map if for all 9^3^ the 
function [a, 6] i— > 7r2 o /(•, 9) G 5*^ is strictly monotonic . Observe that if the coefficient /3 — f3{f) in 




(i) all closed orbits are hyperbolic or elliptic 

(ii) all heteroclinic points are transversal 



f '^k 9 the Taylor polynomials of degree k at zero are equal. 



(ii) j'=(P(0,E,f2 + dr;)) G Q. 



3. MAGNETIC FLOWS WITH A NON-HYPERBOLIC CLOSED ORBIT 
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the normal form is not equal to zero, then / is conjugated to a twist map in [0, e] x S^, for e small 
enough. 

We shall use the following result: 

Proposition 3.1 (Le Calvez pOj Remarques pg.34]). Let f be a dijfeomorphism of the annulus 
M X that is an area preserving twist map and is such that the form f*{Rd9) — RdO is exact. 
Suppose f has the following properties: 

(i) for every periodic point x of period q>l, the real number 1 is not an eigenvalue of d^f^, 

(ii) the stable and unstable manifolds of any couple of hyperbolic periodic points of f intersect 
transversally (i.e. whenever they meet, they meet transversally) . 

Then f has periodic orbits with homoclinic points. 
We are now ready to show theorem ll.il 



3.1. Proof of theorem [HU Let Ot = 0^(6') be a non-hyperbolic closed orbit of minimal period 
T > 0, contained in T'^M . Let P = P{9, E, il) be the Poincare map for a local transversal section 
S C T'^M that contains the point 9. Since 9t is non-hyperbolic, the eigenvalues of dgP are of the 
form e='=^'^*", with a £ [0,1). Recall that the symplectic twisted form induces a symplectic 

structure in S and P : S ^ S preserves this structure. Therefore, via Darboux coordinates, we 
can suppose that P is an area preserving diffeomorphism defined in a neighborhood of G and 
P(0) = 0. 

Define Q c (1) as: 

Q = { cto/q,/3 ocr^i ; CT e J^il), /3 / 0, and na ^ IN for aU n e {1,2,3,4}}, 

where fa^p : is given by fa,p['r, 9) ~ [r,9 + a + I3r^) + O(r^), in polar coordinates. 

By the Birkhoff's normal form (theorem 13. 1|) . the subset Q C Js (1) is open and invariant. Since 
the orbit 9t is non-hyperbolic, we have that j^{P{9, S, fl)) G Q. Applying the theorem l2.21 we obtain 
an exact 2-form dfj arbitrarily close to € il'^{M) in the C'-topology (with r > 4) such that 9t is a 
closed orbit of same period for the flow </.f and j''{P{9, ^,n + drf)) e Q. 

Observe that 9t is elliptic for the perturbed flow (/)[*^*'. Therefore, there is a neighborhood 
U C ri^(Af) of (17 + dJrj) such that, for all Vl E the flow 0^ has an elliptic closed orbit 

9t = 9t{^) close to 9t that we call analytic continuation of 9t. Since Q is open, if the neighborhood 
U is taken small enough, we can assume that j^{P{9, E, il)) £ Q, for all il E U. 

On the other hand, by theorem 12.11 there is a C""-residual subset 0{fl,c) C {fi G il^(Af); [fl] — 
[n]} (with r > 4) such that, for each fl e 0(il,c), the corresponding magnetic flow (p? satisfies 

T<=M 

the property Pk-s'- all periodic orbits are elliptic or hyperbolic and all heteroclinic orbits are 
transversal. Then, for each closed orbit of 0p its Poincare map satisfy the conditions (i) and 
(ii) of proposition [ST] 

Since 0(ri, c) is a residual subset of {fi e ri^(M); [fi] — [fi]} we can C-approximate drj (with 
> 4) by an exact 2-form dr] such that (fi -I- drf) e 0{Vl, c) n U. Hence, if 9t is the analytic 

continuation of 9t, then / := P{9, E, + drj) satisfies i^{f) £ Q and the conditions (i) and (ii) of 

proposition 13.11 

By definition of Q, the map / is conjugated to a twist map /o = hfh^^, in polar coordinates. 
In order to apply proposition 13. 1[ we need to do a change of coordinates which transforms fo into 
a twist map T : R+ x ^ R+ x , such that the 1-form T*{Rd9) - Rd9 is exact. Then the 
existence of a homoclinic orbit implies the existence of a non- trivial hyperbolic basic set. 
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In fact, we consider the following maps: 

(x, y) (r, 0) (\r\e) = (i?, 6) 



B ^ R+ X 5*1 ^ R+ X 

f fo T 

D ]R+ X S*! ^ 1R+ X 

where D = {z e C; \z\ < I }, P-\r,e) = (r cos 61, r sin 6*). Let G{x,y) = i^r^,0) = {R,e). 
Then A :— G*{R dO) ~ ^{x dy ~ y dx). Observe that dX = dx /\ dy is the area form D. Since D is 
contractible, we have that /o*(A) — A is exact. Therefore r*(i? d^) — iJd^ is exact. Since i?(r) — ^ 
strictly increasing on r > 0, T is a twist map if and only if /q is a twist map. 

□ 

Let us give two simple examples for which we can apply the thcorcm ll.il 

Example 3.1. Let {M,g) be a closed sm^face. We suppose that the scalar curvature satisfies 
J < K < 1. Let f2 = € ri^(A/). Then the fi-magnetic geodesies are the geodesies on M with 
respect to the metric g. In this case, Thorbergsson proved in [34] the existence of a non- hyperbolic 
closed geodesic. 

Example 3.2. Let _B = {x G M^, < 5}, with the euclidian metric oi IB? and the corresponding 
area form f^Q. Let 77 be a 1-form in B such that drj = — rJo- We consider the exact magnetic field 
given by the lagrangian 

L{x,v) = '^{v,v) - ri^{v). 

The Euler-Lagrange vector field oi L : B ^ M can be seen as local expression of a magnetic field in 
a closed surface. 

Since drj = —ftQ the Eulcr-Lagrange vector field is given by: 

(2) V = i ■ V. 

1 

We fix an initial point po ~ (—1,0) S B and vq = (1,0) £ TpB. By the equation ([2]), we have 

that the circle C : [0, 27r] B, given in polar coordinates by C{t) = {r{t),9{t)) — (l,7r — t) is a 

dry-magnetic geodesies. Moreover, all circles obtained by rotation of C fixing the point po G C are 

1 

solutions of Hence, if (po^vo) G S C Tp^B is a local transversal section, and P : E ^ E is the 
corresponding Poincare map, then P{pq, v) — {po, v), V {pq, v) G S. Therefore, the orbit (C(t), C{t)) 
is degenerate, in particular non-hyperbolic. 



4. Franks' lemma for magnetic flows 

Let (M, g) be a closed riemannian surface and let V be the Levi-Civita connection. Then V 
induces a connection K : TTM TM, in the following way: given ^ G TgTM, let z : (-e, e) TM 
be an adapted curve to ^ (this is, z satisfies z(0) = 9 and i(0) = £), then z{t) — {t: o z{t) ,V [t)) , where 
V is a vector field over tt o z{t), and we can define Ke{0 = V(^^^(j))F(0). Let H{e), ¥{9) C TeTM 
be the vertical and horizontal subspaces defined as 

V{9) = Keride-K) and H{9) = Ker{Kg) 

respectively. Then, we have the splitting: 

TeTM = H{9) © V{9) « T^^e)M x T^^e)M. 
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Note that the vertical subbundle does not depend on the riemannian metric and H{6) and V{d) are 
lagrangian subspaces of {TeT M , ujo{9)) . 

Let us recall the definition of the magnetic Jacobi fields. Let fl ~ filo and 9t — {j{t),j{t)) be 
the orbit of a point 9 = {x, v) G T'^M, with c > 0. Let z : (— e, e) TM be an adapted curve of 
^ e TgTM. We define the magnetic Jacobi field 3^{t) as the vector field along 7 given by: 



d 
OS 



^o^P(z(s)). 



s=0 



Computing the horizontal and vertical components of the linearized magnetic flow, we obtain: 



(3) 



, e TeTM. 



Note that if ^ G TeT^AI then d(Pf{9){0 G TgJ^M for aU t e IR. Therefore: 



(4) 



9 ( i{t) , 



Using that the curves 1 1 



^(z(s)) are solutions of the equation ([T]) and some basic identities 



of the Riemannian geometry, we have that a vector field 3^{t) along a fJ-magnetic geodesic "/(t) is a 
Jacobi field if, and only if, it satisfies the magnetic Jacobi equation (for details see j28jV 

(5) I^Jc + R{i, Je)7 - (vj^/) ^ • 7 - / * • f J« = 0, 

where R denotes the riemannian curvature tensor of (M, g) . 
Let 7V(t) = 7V(6't) C TeT'^Af be the set 

(6) M{t) = {e e Te.T-M; 5^(,)(d7r(C), 7W) = 0}. 

Since do'K{X^{9t)) — "y{t), the subspace A/'(t) is transversal to along of 9t. Hence 

TeXM=M{t) © {X^{9t)). 

Therefore, the restriction of the twisted form uji-i{9) to N{9) is a non-degenerate 2-form. Note that 
N{9) does not depend on Q.. Let ei{t) and 62 (t) be the vector fields along of 9t defined by: 

ei(i) = ( z-7(i) , 0) 
e2W = (0, i-7W ) 

Note that ei{t), 62 (t) £ A/'(0, for all t e iR. 

Let i = Ciei(O) + ^262(0) e TeT^M. Using the basis {7(0, » • 7(^)}7(t) of T^{t)M, we can write 
J^(i) — x{t)^{t) + « • 7(0) for some smooth functions x, y : M ^ IR. A straightforward 

computation using ([3]) and ([4]) shows that x,y : JR ^ JR are solutions of 

x = fy 

y = {-2cK^ + g{Vf, i ■ j) - P}y ' 
with the initial conditions a;(0) = 0, y{0) = ^1 and y{Q) — ^2, and 



(7) 



e H{9t)®Vi9t). 



(8) 



(9) 



d^{{9){0 = (J« §J«W) = ( iMt)i{t) + y{t) I ■ lit)) , m) 

= x{t)Xf{t) + y{t)ei{t) + j/(t)e2(i) 



Let Et G T'^M be a one parameter family of transversal sections such that Tq^Yh — -^{t)- Let 
Pt{f) : So — > St be the corresponding Poincare map, then 



(10) 



dcj^i (9) 





6 



1 * 

dePtif) 
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Using ([5]) and ([TU]), we obtain that dgPt{f) : A/'(0) — > A/'(t) is the fundamental matrix of 



(11) 



d 


■ y(t) ' 




dt 











v{t) 

m 



^mag(/)(t) 

where Kjjia.g{f){t) := 2cK^i^t-^ — g-y(i){^ f, * ■ 7) + f'^{l{t)) is called the magnetic curvature. 
The following lemma is an easy consequence of the equation (fT|). 

Lemma 4.1. [Th, lemma 2.1] Given c> and n = f^o G f72(M), /et iiT = K{c, f)elRbe defined 
as K = minj ^ii^ii q_|_i)2 ; '^^^^'^ }; where i{M,g) denotes the injectivity radius. Then n o (j)-^ (6) : 

[0,K) — > M is injective, for all 9 £ T'^M. In particular, any closed orbit of (j){ in T'^M has period 
less or equal to K . 



Let us now define our perturbation space. Let K = K{f, c) be given by the lemma 1471] For each 
f <T <K andW CM open with W n 7((f , T)) ^ 0, we define the set T = T{W, 7, /, T) by: 

^he C°°{M); /i|^([o.T]) = 0' supp (h) C W and [/if^o] = G H^{M,R)^ . 
By definition, ii h £ !F, the curve 7 : [0, T] M satisfies: 

- /(7W) * • 7W = (/ + h){^{t)) I ■ 7(0 , Vi G (0, T). 

Hence [0,r] 1-^ {■y(t),j{t)) is an orbit segment of the perturbed magnetic flow 
define the map: 

(12) 



and we can 



^7 



h 



Sp{l) 
dePrif + h). 



We are now ready to state the analog of the infinitesimal part of the Franks' lemma [13] for 
magnetic flows on surface. In [T^], G. Contreras and G. Paternain proved a version of this lemma 
for geodesic flows on surfaces by performing C^-perturbations of the metric which correspond to 
C^-perturbations of the geodesic flow. 

Theorem 4.1. Let fo G C°°{M), f < T < K {K = K{cJo)) and letU he a neighborhood of fo m 
the -topology. Then there is S ^ 5{U, fa,c) > such that the image of the set U fl J^{fo, W, T) 
under the map Sr.e contains a ball of radius S centered at ST,e{fo)- Moreover, if j{t) is a closed 
magnetic geodesic of minimal period Tg, then there is a neighborhood U = U{9, fo, c,W,T0) C M of 
j{[T,Tg]) such that the image of the set U (1 {f € T; Supp{f — fo) G W ~ U} under the map ST,e 
contains a ball of radius 5 centered at Sr^eifo). 

We will prove this theorem in the subsection 14. II For this, we follow the strategy in the proof of 
the Franks' lemma for geodesic flows on surfaces given by G. Contreras and G. Paternain in [T^. 

We shall use theorem 14. li on a flnite number of segments of a closed magnetic geodesic 7 : [0, Tg] — > 
M (where Tg denotes its minimal period) such that the perturbations will be independent in each 
segment. 

Let j{t) be a closed magnetic geodesic of minimal period Tg. We fix to G {^,K] and n = n{6) = 
n(Tg, to) G IV such that Tg = nto. For each < i < n — 1, we define 7^ = jiito + t). Then , given a 
tubular neighborhood Wi d M oi 7i((0,io))j we can define the map Si,g : T{fo,0,Wi) Sp{l) by 
Si,e{f) = d^^f^ (g)^P(/,Erio, 11(^+1)4 J, for each i G {0,...,n- 1}. 

Let Wo be tubular neighborhood of the segment 70. Applying theorem l4.ll to the map So,e ■ 
J^ifo, 0, c. Wo) Sp{l) we obtain So > and a neighborhood Uo of the curve 71 * .... * jn-i as in 
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the second part of theorem 14.11 In the following step, we need to choose a tubular neighborhood 
Wi C Uq and applying again theorem 14.11 to the map Si^e : T{fo,0,c,Wi) Sp{l), we obtain 
6i > and a neighborhood Ui of 72 * .... * 7„_i. Proceeding in the same way, we obtain 5i > and 
neighborhoods Wi, for < i < n — 1. Hence, for W = U^Jg^VFi, we can define 



SB:Hfo,0,W) 



f 



i=Q 



Applying theorem 14. II n times we have proved: 

Corollary 4.1. Let 6 € T^M he such that (j^l" [9) is a closed orbit. Let W,n{9) and Sg be defined 
as above. Given a neighborhood lA of Jq in the topology, there is 5 = S{fo,l{,c) such that the 
image of the set J- ( fa, 9, W) H U under the map Se contains a product of balls of radius S centered 
at (5o,e(/o), 5'(„_i),0(/o)) £ n"=o^ Sp{l). 

4.1. Proof of theorem 14.11 Let ip : (0,T) x (— eo,eo) W he a coordinate system in W C M 



such that V(i,0) = 7(i) and , ^} 



lit) 



{7(t),i-7(t)}, for allte (0,T). Let a : [-1,1] ^ [-1,1] 



(ii) Supp(a) C [-^,^] 
1 



be a smooth function that satisfies: 

(i) a(0) ^ 

(ii) a'(0) = l (iii) llallci 
(iv) J^-^ a{x)dx = 0. 

We define the subset H of smooth functions h : (0, T) x (— ep, co) ^ Si such that h{t, x) = a^g{x)b{t), 
where a,„(x) = eo a and b e C°^{R) with Supp(6) C (0, T). 

Lemma 4.2. Let h = aeg{x)b{t) e H. Then: 

(i) [hno] = 0, 

(ii) J = f + heT , V/i G W, and V/ e J^, 

(iii) ||/i|lci <2||6||co+eo||&||ci. 

Proof, (i) Note that if 77 is a 1-form in AI with support in the neighborhood W defined by 



a^^^{x)b{t) ds I dt, 



then drj = hQo. 

(ii) It follows from (i) and the definition of the set H. 

(iii) If g : M is a function that has enough differentiability, then: 



llffllci < sup|5(x,t)| +sup 



dg{x,t) 



dx 



+ sup 



dg{x, t) 



dt 



Hence 



\\h\\c^ < sup \ae„{x)b{t)\ + sup \a'^^^{x)b{t)\ + sup \ato{x)b' {t)\ 



Since |aco(a;)| = eoa(^) < eo||a||co ^ ^o, and |a'^jj(a;)| — a'(^) < ll^llci ~ li for x £ Ft, we 
have: 

\\h\\c^ < (1 + eo)\\b\\co + eo\\b\\ci < 2\\b\\co + eo||&||ci- 



□ 
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We will now fix some constants and functions that will be useful in the following lemma. By 
changing U if necessary, we can suppose that ||/||cO < ||/o||cO + 1 i V/ £ Therefore K{c,fo) < 
K{c, /) , V / G Z^. Let us denote K{c, /q) by fco and set fci = ki{U, c) > 1, so that, if / G W and 
X{t) — X{f,9,t) is a fundamental matrix for the equation ([H]), then 

(13) ||^(i)||<fci and \\X-'^{t)\\<ki , Vi G [0, fco] and V 6i G T'^M. 
Let < A << fco/2 and fc2 = k2{U, A, c) > be such that: 

(14) max \\X(t)- X{ko/2)\\ <k2 and max \\X-\t) - X-\ko/2)\\ < k2 , 

|t-feo/2|<A |t-feo/2|<A 

for all / G W and 9 G T'^M . If A = A(/o, c) is small enough, we have: 



(15) 



< fco < 



1 



16 kl 



< 1 < fci. 



Let 5\ , Aa : M [0, oo) be C°°-approximations of the Dirac delta at the point such that: 

-A], ^ 5xdt = / AAcfi = 1 and Supp(Aa) is an interval. 



Supp(5a) C - a, f ), Supp(Aa) C , ^ 
Let fcs = fc3(A) = k3{fo,h{,c) be defined as: 

(16) fca - 

Let < p < l/(4fc^fc3), by ([HI) we have 



k3 = kl{ ||<5a||co + II^aIIco + l|AA||c"ll^mas(/o,c)||co + ^W^lWc- 



(17) 



P -fc3p-4fcifc2 > —2- 



Finally, let a : [0, fco] ~^ [0, 1] be a C°°-approximation of the characteristic function of the set 

[0,T] - [7-i{7((r,ro))}u9Supp(AA)] 

such that 



(18) 



[ \a{t) - l\dt < p. 
Jo 



Lemma 4.3. For an arbitrary small parameter s, let = a^g{x)b^(t) G Ti. be such that b^ 
and 

d 



(19) 



ds 



s=0 



¥{t) = a{t) |<5A(i)a + 5'^{t)b - (^A^{t)K„,ag{m) + ^^a c 



where a,b,c G IR, and Kmag{f){'t) is the magnetic curvature of f £ U C] J-. Then 



d_ 

ds 



> 



1 

2kf 



b c 

a —b 



Proof. Observe that: 



(20) 

We define Z,,(r) = £ 



= i^mag(/)(i)-^^^^-i^mag(/)(t)-6^(i)- 



dePrif + h"). Since b'=° = 0, it follows from ^27, lemma 3.1] that 



(21) 



Zh{T) = XO(T) / (X"(t)) ' 





#1 nbHt) 
ds ls=0 \ ' 



X°{t) dt. 
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From (|19p and integration by parts we obtain 

Z{T) = X{T)\f a{t)6>,(t)X-\t) 



c 




We will write 



Pit) 



a{t) \ ds 



mx{t)x-\t) 



b 

a —b 

X{t) dt 



X{t) dt+ 



s=0 





1 



Q,{t) = x-Ht) 



b 

a —b 



X{t), Q2^X-\t) 



Xit), 

c 




Xit) 



and Qo := Qi + Q2- Then 



Sxit)Qiit) dt+ / Axit)Q2it) dt. 



(22) / Pit) dt -- 

Jo 

Using p^ . we obtain: 

\\Sxit)Qiit)\\ < \\Sx\\co\\Qiit)\\ < WSxWco kl 



b 

a —b 



, and 



\\Axit)Q2it)\\ < ||AA||co||g2(i)|| < IIAaIIco kl 



c 




By ((T6)) . we have: 



max l|P(t)|| < 

tfE[0,T] 



«IPa||co + \bm\co + \\Ax\\co\\K^agifo)\\co + T;\\^'i\\c<' \c 



(23) 



< A:, 



6 c 
a —6 



For each F : [0,T] ^ R^""^ , we define: 

OA(F,fco/2)= max ||^^(t) - F (fco/2)|| . 

|t-feo/2|<A 

Observe that if F, G : [0,T] M"^^^ and i? e iR^^^ is a constant matrix then: 
OA(FG,fco/2) < max ||F(t)G(t) - F (t) G (fco/2)|| + 

+ max ||F(t)G(fco/2)-F(fco/2)G(fco/2)|| < 

\t-ko/2\<X 

< max ||F(t)||OA(G,fco/2) + OA(^^,fco/2)||G(fco/2)|| 

|t-fco/2|<A 



max \\E Fit) - E Fiko/2)\\ < 

|t-fco/2|<A 



Write A 



OxiEF,ko/2) 

< \\E\\OxiF,ko/2). 
By ([13]), (HH) and the two inequalities above, we have that 



b c 
a —b 



Ox (Qo, ko/2) = Ox {X-\t)AXit),ko/2) < 
X-\t)\\Ox iAXit),ko/2) + 

X-\t)\\ \\A\\Ox iXit),k„/2) + Ox {X-\t),k„/2) \\A\\ \\X (fco/2) || < 



< max \\X-'it)\\ Ox iAXit), ko/2) + Ox {X'^t), ko/2) \\A\\ \\X (fco/2) || < 

|t-fco/2|<A" " ^ ' 



< max 

|i-feo/2|<A 



(24) < 2fcifc2l|Al|. 
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By we have 

a{t)P{t) dt - Qo (fco/2) 



a{t)P{t)dt- / P{t)dt+ / P{t)dt-Qoiko/2) 



< 



< 



< 



[ {a{t) - 1)P dt 
Jo 



Sx{t)Qiit) ~ Qi(fco/2) + Ax(t)Q2 - Q2(fco/2) dt 



< 



{a{t) - l)P{t)\\ dt + Ox{Qi,ko/2) + Ox{Q2,ko/2) < 



< (^niax||P(<)|| ) / \iait)-l)\dt + 20xiQo,ko/2)). 



Then (l23|), dS!]) and (HH]) imply that 



(25) 



a{t)P{t) dt - Qo 



ko 



<{k3P + Aki k2)\\A\\. 



From the equahty A = X{ko/2) Qo{ko/2) X-'^{ko/2) and we have 

\\A\\ = \\X{ko/2) Qo{ko/2) X-\ko/2)\\ < kl\\Qo{ko/2)\\ 



(26) 

Hence, using 



and (Uni) 







[ a{t)P{t) dt 




Jo 





||Qo(fco/2)||>^. 



Qo {ko/2) + / a{t)P{t) dt - Qo (fco/2) 



> 



> IIQo (fco/2) 
1 



ait)P{t) dt - Qo {ko/2) 



> 



> 



kl 



-k3p-4kik2] \\A\\ > 



2kl 



\A\\ 



Finally, the last inequality and (jl3p imply 

k,\\Z{T)\\>\\X-^Z{T)\\ 

Therefore 

1 



a{t)P{t) dt 



||^(T)|| > ^\\A\\ ,\Jf€Ur^T. 

□ 

We denote by sp(l) the Lie algebra of the classical Lie group Sp{\) — SL{2). For each matrix 
^ ^ e sp(l), let /3a : (0,T) J? be defined as: 



a —b 

PA{t) = a{t) {5x{t)a + (5^(<)6) + ( Kmag{h)(t) 



^1 



^-a{t)A^{t)c 



2Aa(0. 

We consider G : sp(f) C°°{M) such that Supp(G(yl)) C W and 

(27) G(A)|^ = G{A)it,x) = foix,t)+a,„{x)pAit) 

in the tubular coordinates (t, x) in W. 



!)• 
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Lemma 4.4. For eg small enough, there is Si — 5i{U, fo,c), such that, if \\A\\ < 6i then G{A) G 

Proof. By lemma l4?2| we have that 

\\G{A) ~ /ollci = \\a,,ix)PAmc^ < 2\\(3a\\co + eoWMc^- 

Let e > be such that Bqi (/q, e) C U, where Bfji (/o, e) denotes the C^-baU of radius e centered at 
fo- Since Ax > for all t £ Supp(Q;), there is ke = kQ{X, fo) = /c6(/o,W,c) < oo such that 

^6 = ||/3a||ci- 
II^II<1 

If eo is small enough, we can suppose eq < ^f;:- 

We consider k^, = k^{\ fo) = k5{fo,U, c) given by: 

h = \\6x\\co + \\S'x\\c« + (^||A„„,(/o)W||co||AaWIIco + ^l|A';(||co) ell^^Hco. 
Observe that, if |c| < 1 then 

< \c\Axe\^^'^^co 



. -aA^c_^| < Id max 

\c\<l 

and therefore 



3 



A' 



Hence, if ||yl|| < 1 then 

WPaWco < hUl 

Choose 6i = Si{fo,U,c) < 1 such that 2fc5^i < |. Then 

||G(A) - /oil <2fc5||A|I +60^6 <e, 

for aU II All < Si. 



□ 



A proof of the following general lemma can be seen in [12] . 

Lemma 4.5. [121 lemma 4.4] Let N be a n- dimensional smooth manifold and let F : J?" —^Nbea 
sufficiently differentiable map such that 

\\d^F-v\\>a>0 V (x, -y) G TiR" mi/i |li;|| < 1 and ||x|| < r. 

Then for all < b < a r 

{peN; d{p,F{0))<b} C F({xel?"; ||x|| < -}. 

a 

We consider a 3-parameter family of maps {G{A); A G sp(l)} given in ([27]) . Observe that 

^^ait)Sxit) , ^=a{t)S'x{t) 
and since Sx{t) Ax{t) = 0, we have 



(9c 



+ a(t)A,(i) (^if™.,(/o) W + (e-"WA.(*)c _ i) = 



-a(t) ( K„,aa{fomAx{t) - ^A'^t) 
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a{t) \[K„,aM{t) + m)] Aa(0 - Wit)" 



Hence 

Then, by we have: 

dl3A 



dc 

Therefore, the directional derivative oi 5p{l) 3 A ^ (Sa satisfies ([T9| . 
Consider F : sp(l) ^ Sp{l), given by : 

= 5e,ToG(A). 

It follows from lemmas lOl and W% that there is 5i = Si{U,fo,c) > such that G(yl) e W n 
^(/o, 9, W, To), for all A e sp(l), with ||A|| < 6i. Since a{t) = in a neighborhood of the intersection 
points of 7([0,T]) with j{[T,To\), for eq small enough, there is a neighborhood U of 7([r, Tq]) such 
that Supp(G(A)) n [/ = 0, for all A e 5p(l). 
By lemma 231 we have that 

IMb-F • All > > , for all \\B\\<Si and ||yl|| < 1 

and applying lemma 23] to F, with r ^ 6i and a = we obtain 

Ssp(i)(5e,T(/o),'5i/2fc?) c ^^({AGsp(l); ||A|| <5i}) = 

= Se^Ti{G{A)eT; \\A\\ < S,}) c 

C 5e.T (Z^ n {/ e ^; Supp(/ - /o) c - t/}) 

This inclusion proves the theorem. 

5. Magnetic flow with infinitely many closed orbits in an energy level 

Let {M,g) be a smooth closed and oriented riemannian surface. For each c > 0, let TZ^{M,c) be 
the set of 51 e rP{M) such that all closed orbits of (j)^ in T^M are hyperbolic endowed with the 
G^-topology. Given h G H^{M,1R), we define T^{M,c,h) C n^{M,c) as: 

T^{M, c, h) = {G^-interior of 7^^(A/, c)} n {[Q] = h } . 

Given ^l e T^{M, c, ft.), let Per(f7, c) C T^M be the union of all hyperbolic periodic orbits of minimal 
period of By definition, Per{^,c) C T'^Al is a compact and invariant subset. 

We recall that a compact and invariant subset T C T'^M is a hyperbolic set if there exists a 
splitting (continuous) of TriT^M) = ® E" © i?'^, where E" = (X^) and there are constants 
G > and < A < 1, such that: 

(a) d0f (£;"'") = 

(b) Me0p(O| < GA*|e| , V t > 0, e r, e G 

(c) Me05!,(OI < CA*|^| , V t > 0, e r, c e i?". 

Using Mane's techniques on dominated sprinting [21 and a version of Franks' lemma for magnetic 
flows (corollarv l4.ip . we will prove that: 



Theorem 5.1. If fl e T'^{M,c, [fl]), then Per{Vl,c) C T^M is a hyperbolic set. 

A hyperbolic set is called locally maximal, if there is an open neighborhood U of F, such that F 
is the maximal invariant subset of C/, i.e., F — nteK'^P(^)- hyperbolic basic set is a maximal 
hyperbolic set with a dense orbit and we say non-trivial when it is not a single closed orbit. It is 
well known that a non-trivial hyperbolic basic set has positive topological entropy (cf. [3])- 
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Standard arguments of dynamical systems [THl §6] imply that the set Per(r2, c) is locally maximal, 
for all SI S J-^{M,c, [fi]). Hence, it follows by Smale's Spectral Decomposition Theorem [33] ( see 
too [19]) that: 

Corollary 5.1. Let c > and fl G J-'^{M,c, [SI]). We suppose that the number of periodic orbits 
of minimal period for the magnetic flow is infinite. Then Per(f2,c) has a non-trivial basic 

set. In particular has positive topological entropy. 

In the following two subsections we will recall some definitions and statements that we will need 
to prove the theorem 15. II 

5.1. Periodic sequences of linear symplectic maps. A linear map T : iR" IR^ is hyperbolic 
if T has not eigenvalue of norm equal to 1 . The stable and unstable subspaces of T are defined as 

E'{T) = {v<=^M'; limT"(t>) = 0| and £;"(T) = |u G K"; lim T~"(t>) = o| , 

respectively. 

Let GL{n) be the group of linear isomorphisms of -ZR". We say that a sequence £^ : Z ^ GL{n) is 
periodic if there is no G ^ such that S,i+no = for * ^ ^ ■ We say that a periodic sequence ^ is 
hyperbolic if the linear map Jl"j!o ^ £,i is hyperbolic. In this case, we denote the stable and unstable 
subspaces of nr=o -^i(^) ^'^^ ^j'iO^ respectively. 

Given two families of periodic sequences f^"^ = {f^"-* : ^ GL{n); a G A} and ry*^"-' — {rj^"^ : 
Z GL{n); a G .4}, we define: 

d(C^"),r;(")) = sup{||Ci") -ryi"'!!; a G A ^ G ^}. 

We say that two periodic families in GL{n) are periodically equivalent if they have the same index 
set A and the minimal period of and 77'^"^ coincide, for all a ^ A. We say that a family S}-"'^ is 
a periodic hyperbolic family if every sequence in is hyperbolic. Finally , we say that a periodic 
hyperbolic sequence is stably hyperbolic if there is e > such that any family Ty^"-* periodically 
equivalent to satisfying 77*^"^) < e is hyperbolic. 

We are now ready to state the following result. 

Theorem 5.2. (Mafie, [H] lemma II.3]) Let = {^(") : Z GL{n): a e A} be a stably 
hyperbolic family of periodic sequences in GL{n). Then there exist constants m € IN and < A < 1, 
such that, for all a ^ A and j G Z , we have: 















(n«) 






(n«)" 




< A 















In [12j . G. Contreras and G. Paternain proved that if a family of periodic hyperbolic sequences 
^("^ in Sp{l) is stably hyperbohc among the periodic sequences in Sp{l) and sup^ < 00, then 

^("^ is also stably hyperbolic among the periodic sequences in GL{2). 

Corollary 5.2. ([HI corollary 5.2]) Let = {^(") : Z Sp{l); a £ A} be a family of periodic 
hyperbolic sequences which is stably hyperbolic in Sp{l), and sup^ IIC('^)II < oo- Then there exist 
constants m G and < A < 1, such that, for all a £ A and j G Z , we have: 




< A. 
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Remark 5.1. Let Tj^ = R=o^d^i- Using that \\AB\\ < \\A\\ \\B\\, for all A,B e GL{n), we have 
that 



t: 



lAf I 



for all N > 1 and for all a G A, j G ^ . 



< A 



AT 



5.2. Partially hyperbolic symplectic action. A symplectic vector bundle n : E ^ B is a vector 
bundle such that the transition maps preserve the canonical symplectic structure in the fibres M^". 
Let "ii : M Sp{E) be a continuous action that preserves the fiber and satisfies ^'s+t = ^'s o 
The action ^ induces a flow ipt ■ B ^ B such that -04 o tt = tt o . 

We say that an action 5* is partially hyperbolic, if there is an invariant splitting E — S (SU , T > 
and < A < 1, such that: 



(28) 



IS(6) 



< A , VfeGS, 



and we say that ^E* is hyperbolic if there is a splitting E ^ E'^ ® E^ , C > and A > 0, such that: 

(1) < c^e~^*iei , vt>o, eGi?^ 

(2) < Ce-^*|e| , Vi>0, eeS"- 

The domination condition (|28p . implies that the decomposition E ^ S ® U in continuous. By 
definition, a hyperbolic action is partially hyperbolic. The converse is not true in general, but in the 
symplectic case we have: 

Theorem 5.3. ( [7j corollary 1]) A symplectic partially hyperbolic action, with dini(S') — dim([/) 
and compact base B, is hyperbolic. 

5.3. Proof of theorem 15.11 We fix c > 0. Let U C T'^M be an open set and TZ^iU) be the set of 
2-fornis 57 on M such that all closed orbits of 0p completely contained in U are hyperbolic, endowed 
with the C^-topology. Given h G H'^{M,]R), we consider the subset 

J^^C/, h) = {C^-intcrior of 7^^(C/)} n {57 G f7^(M); [n] = /i }. 

Given G J-^{U), let Per{il, U) be the union of all periodic hyperbolic orbits of minimal period for 
the flow completely contained in U. 



The following proposition is a local version that implies theorem 15.1 



Proposition 5.1. Let Vl G J^^{U, P). Then Per{n, U) C T^M is a hyperbolic set. 
Proof. For each 9 = {x, v) G T^M, let Af{d) C EgT^M be defined as: 

Af{e) = G TeT^M; 5x(d7r(0,t') = 0}. 

We recall that EgT^M = M{9) © {X^{9)) and the restriction of the twisted symplectic form uje{^) 
in N{9) is non-degenerate (section |4]). Let K = K{Q.,c) be given by lemma [47T] Given (j>^{9) — 



{lit),'j{t)) G Per{n,U), we denote its minimal period by Tg. Let n — n{9,Q,) £ IN he such that 

^E,,; = Mi(t>ftoi^)). We denote 



Tg — n to, for some to G (-^j -?^]- For each < i < n — 1, we define the segment ji = ^{ito + 1). Let 



such that T^n ^gy 



Tji G TJ7 be the local transversal sections at 
by 

the linearized Poincare maps. 

Since n G J^i(C/, [n]), there is a C^-neighborhood U C {n e n^{M); p] = [n]} of n such that 
each orbit of Per{^l, U) has a hyperbolic analytic continuation, because otherwise we could produce 
a non-hyperbolic orbit. Observe that if O G iY, denoting by 9t = 9t{p) the analytic continuation of 



POSITIVE TOPOLOGICAL ENTROPY FOR MAGNETIC FLOWS ON SURFACES. 



17 



9t = (j)^{9), then 9t intersects the sections S^, < i < n{6). Therefore, we can cut 9t into the same 



< i < n = n 



number of segments as 9t. Hence the family 

(29) e(f^) = {s,,gS^ ; e Per{n,U) and 

with Q. £lA in a, periodic equivalent family. 

The following lemma is a consequence of corollary 14. II 

Lemma 5.1. If ^ & ^^{U, [il]), then is stably hyperbolic. 

Proof. Let fl e T\U, [Q]) and let U C {Ti e 9?{M)- [H] = a -neighborhood of n such 
that, for all G Z^, the family ^(f2) is hyperbolic. Let 5(il,iY, c) > be given by corollary 14. II We 
suppose that the family 

^{n) = {S.iOt) = S,,e : MiOuo) ^ AA(%+i)tJ; Ot £ Per{n, C/), < ^ < n{9t)} 

is not stably hyperbolic. Then there exist a closed orbit 9t G Per(ri, U) and a sequence of linear 
symplectic maps rji : Af{9itg) 7V(6'(-,i^i)j^) such that: 

n{et) 

\\Si{9t) — ViW > ^ ^-nd r/i is not hyperbolic. 

1=0 

Observe that the perturbation space in the Franks' lemma (theorem [LT]) preserves the selected orbit 
9t. By corollarv l4.1l there is a 2-form Q such that 9t is a closed orbit of too, and Si^g{Q) = 
Since 

n(et) n{0t) 
d0„P(n,I]o,So) = n '^^»(^) = n 



the orbit 9t is not hyperbolic for the magnetic flow This contradicts the choice of U. 

□ 

Applying corollary 15.21 and remark 15.11 if it is necessary, we have that there are < A < 1 and 
T > such that: 



(30) 



dgPr 



dg^P^TlE^ieT) 



< A, 



for all 9t = 4'^i9) e Per{n, U), where Pt = P(0, Eq, Et). 



Let r(C7) = Per{n, U). For each point 9 e r(;7), we define: 

S{9) e A/'(6l) • ^ -Per(r2, [/), with lim„ 6'„ = 6* and 



U{9) :- eeA/'(^) ; 



3 ^„ e E%9n), such that, lim„ ^„ = ^ 

3 {6l„} C Per{Q,U), with lim„ 6'„ = 6* and 
3 ^„ e E"{9n), such that, hm„ ^„ = ^ 

Then the uniform domination condition (|30p implies that S* © C/ is a continuous splitting of A/'|r(f7) 
and 

(31) 



dePr 



S{e) 



\u{eT) 



< A, 



for all points 9 eT{U). 

Since dPs+t — dPg o dPt and (|3ip. we have that dP : N'\r{u) ~^ ■^|r(;7) is a partially hyperbolic 
symplectic action. The continuity of the subbundles S and U and their definitions imply that 
S{9) = E^iO) and U{9) = E"{e), for all £ Per{n,U). Hence dim S = dimU = 1. By theorem 
15.31 dP is a hyperbolic symplectic action in Af\r{u)- 
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Let A{9) : J\f{9) © {X^{9)) — > N{6) be the canonical projection. Observe that, by equality (fTU)l. 
we have: 

^ W|r((7) 

Its follows from the graph transform method of Hirsch-Pugh-Shub in [16j , that the hyperbolicity of 
the action dP in M\t(u) implies that T{U) is a hyperbolic set for the flow cf)^ . 

□ 

5.4. Proof of theorem [TT2l Suppose VL G J^i(M,c, [O]). By corollary Ol the flow 0t"|j,<:M 
positive topological entropy. Let ^ (M, c, [fi]). Then there is cSy 6 (M) -arbitrarily close to 
G n^{M) such that has a non- hyperbolic closed orbit. Applying the thcorcm l5.11 we 

obtain an exact 2-form dr] e n'^(M), C^-arbitrarily close to G n'^(M), such that ,/,(*^^+'*^+'^'') 
has positive topological entropy. 
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Appendix A. Magnetic Flows on the bidimensional torus 

A.l. Convex and superlinear autonomous lagrangians. In this section, we will recall the main 
results for convex and superlinear autonomous lagrangian systems on closed manifolds such as the 
concepts introduced by Mather in ^53] and Mafie in [53] . 

Let M be a closed smooth manifold of arbitrary dimension. Let L : TM IR he a smooth 
lagrangian that is convex and superlinear , i.e., for each fibre T^M, the restriction L{x,-) has 
positive definite Hessian and lim||i,|[_,oo "'"y^j"'* = oo, uniformly in a; G M. The action of L over an 
absolutely continuous curve 7 : [a, 6] ^ Af is defined as: 

J a 

The extremal points of the action are given by solutions of the Euler- Lagrange equations that in 
local coordinates can be written as: 

d dL _dL 
dt dv dx 

Since the lagrangian L is convex, the Euler-Lagrange equations define a complete vector field in 
TM that is denoted by X^. We define the Euler-Lagrange flow (f>t(L) : TM TM as the flow 
associated to X^. 

Let us recall the main concepts introduced by Mather in ^25j, where details and proofs (for 
periodic lagrangians) can be found. Let M be the space of all probability measure with compact 
support in the Borel tr-algebra of TM with the weak topology. We denote by M{L) C A4 the 
subset of all invariant probability measures. We define the average action Al '■ — > 5? by 
^l(m) = Jrpj^j L dfi. Given /i e ■M{L), there is a unique homology class p{ii) S Hi{M,lR) such 
that [oj]) = Jtm^ closed 1-form tu on Af . For each h e Hi{AI, M), we define 

M{h) = M{L,h) = G M{L) ; p(p) = h}. The minimal action function (3 : Hi{M,lR) — > J? is 
defined by P{h) = min{^i(/i) ; — h }. This function is convex and superlinear. An invariant 

measure that satisfies ^^(/i) = f3{p{p)) is called a p{p) -minimizing measure. We define the a 
function as the convex dual of /?, i.e. a = (3* : H^{M, M) ^ Mis given by a([u;]) = sup/jg^^^^/ jR){< 
[uj],h > — /3(/i)}. By convex duality, we have that a is also convex and superlinear, and a* = (3. 



POSITIVE TOPOLOGICAL ENTROPY FOR MAGNETIC FLOWS ON SURFACES. 



19 



Moreover, a measure /ig is p(/.to)-minimizing if and only if there is a closed 1-form loq, such that 
^^L-uJoi^J'o) = niiii;jgAi(L){-^(L-cjo)(A')}- Such a class [ujo] G H^{M,1R) is called a subderivative of /3 
at the point p(/J.o)- For each [cj] G H^{M, M), we consider the subset: 

(32) M'^{L)^{fieM{L) ; a{[uj]) ^ -Al-Up^) }. 

Mather's set A([a;]) C TM is the compact and invariant subset defined as: 



A(H) = y Supp(m). 

A important result of Mather in f25', theorem 2] is that A([cj]) is a Lipschitz graph over a compact 
subset of M. 

Using the properties of the a and /3 functions, we will prove: 

Lemma A.l. We suppose that Hi{M, M) ^ 0. Given c > Co{L) and a nontrivial class Hq G 
Hi(M, M), there is a closed 1-form ujq and Xq G M, such that [uq] G H^{M, M) is a subderivative 
of the (3 function at the point XqHq G Hi{M, IR), with a{[uJo]) = c. 

Proof. Since /? is superlinear, we have: 
[66) lim — oo. 

Let dp : Hi (M, M) Hi (M, R)* = H^ (M, M) be the muhivalued function such that to each point 
h G Hi{M, M) associates all subderivatives oi (3 in the point h. Since f3 is finite, d(3{h) is a non empty 
convex cone for all h G Hi{M, M), and d(3{h) is a unique vector if and only if /3 is differentiable in 
/i ( cf [311 Section 23]). We define the subset 

S{ho) - y 9/3(A/io). 

A(EiR 

By ([33| we have that the subset S{ho) C H^{M,]R) is not bounded. Since /3 is continuous, by the 
above properties of the multivalued function 5/3, we have that 5(/io) is a convex subset. Observe 
that if w G 9/3(0), then a([ti']) = co{L) = min{a{[5]) ; S G H^{M,1R)} and, by superhnearity of 
a, the restriction a|5(^p) is not bounded. Therefore, by the intermediate value theorem, for each 
c G [co(£), oo) there is ujq G dP{Xoho) C S{ho), for some Aq G M, such that Q:([a)o]) = c. 

□ 

Let us recall the definition of Mane's critical value \23\\8\. Given two points x, y G M and T > 0, 
we denote by Ct{x, y) the set of all absolutely continuous curves 7 : [0, T] M, such that 7(0) — x 
and 7(T) ~ y. For each fc G 5?, we define the action potential : M x M M by: 

<^k{x,y) = inf{AL+fe(7) ; 7 G UT>oCT(a;,y) } 

The critical value of a lagrangian L is the real number c{L) given by: 

(34) c(L) = inf{fc G ; $fe(x,a;)>-oo for any a; G } . 

Let p : iV -> M be a covering of M and L : TN Mhc the hft of L to A^, i.c L = i o dp. Then, 
for each fc G J?, we can define the action potential ■ N x N ^ M just as above and we obtain 
the critical value c(L) for L. Among all coverings of M the abelian covering, which we shall denote 
by M, is distinguished. We define the strict critical value cq{L) as the critical value ([34]) for the 
lift L-.M^MoiLlo M. 

We recall that an absolutely continuous curve 7 : [a, 6] M is said to be semistatic if 

AL+c{L)h\itoM]) = *c(L)(7(io), lih)) V a < <o < ^1 < 6. 

We say that a semistatic curve 'y\[a,b] is static when dc(i)(7(io)i 7(^1)) — 0, for all a < to < ti < b, 
where dk{x,y) — ^k{x,y) + ^k{y,x) defines a distance function for k > c{L) and a pseudo-distance 
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for k ~ c{L). By definition of the action potential, a semistatic curve is a solution of the Euler- 
Lagrange equations and has energy equal to c{L) (cf. [531 IB])- The concepts of semistatic and 
static curves are related to the concepts of c-minimal trajectory and regular c-minimal trajectory 
respectively, that were introduced by Mather in [26] . 

Given 9 G TM we will denote by 79 : IR ^ M the unique solution of the Euler-Lagrange equations 
with the initial condition (7^(0), 7e(0)) = 0. We define the sets: 

E = ^ {e e TM ; 70 : K ^ M is semistatic }, 

E = S(L) ^{9 e TM ; -fg : R -> M is static }; 

both are compact and invariant subsets of TM . Let tt : TM M the canonical projection. Then 
7r|g : E ^ Af is a bijective map with Lipschitz inverse, the proof of this property can be seen in [51 
theorem VI] and is a extension of the Mather's graph theorem [25l theorem 2]. 

By the graph property, we can define an equivalence relation in the set S: two elements 9i and 
02 G S are equivalent when c?c(L)(7r(0i), 7r(02)) — 0. The equivalence relation breaks S into classes 
that are called static classes of L. Let A be the set of all static classes. We define a partial order < 
in A by: (i) < is reflexive and transitive, (ii) if there is G S, such that the a-limit set a{9) C 
and the w-limit set ijj{9) C A^-, then A^ ^ A^-. The following theorem was proved by G. Contreras 
and G. Paternain in [TTl theorem A]. 

Theorem A.l. Suppose that the number of static class is finite, then given Ai and Aj in A, we 
have that Aj ^ Aj . 

Let A C TM be an invariant subset. Given e > and T > 0, we say that the points 0i, 6*2 G A are 
{e,T)- connected by chain in A, if there is a finite sequence {(^i, ii)}r=i C A x Ft, such that ^1 = 9i, 
£,n — &2, T < ti and d{(j>t- {£,1), < e, for i = 1, n— 1. We say that the subset A C TM is chain 
transitive, if for all 6*1,02 G A and for all e > and T > 0, the points 9i and 02 are (e, T)-connected 
by chain in A. When this condition holds for 0i = 02, we say that A is chain recurrent. The proof 
of the following theorem can be seen in [SI theorem V]. 

Theorem A. 2. 

(a) E is chain transitive. 

(b) E is chain recurrent. 

(c) the a and uj-limit sets of a semistatic orbit are contained in E. 

We will now recall the relations between the Mather's theory and the critical values of a lagrangian. 
Mane in [521 [B], proved the notable equality c(L — = for all closed 1-form u on M. For 

the abelian covering of M, in [^^j G. Paternain and M. Paternain proved : 

co(L) = min {c(L - c.)} = min MM)} = -/3(0). 

The following theorem was also proved by Marie in [53] . The proof can be see in [HI theorem IV] . 

Theorem A. 3. Let fi G A4{L) and uj be a closed 1-form in M. Then /i G Ai'^{L) if only if 
Suppifi) ClY,{L - uj). 

Finally, we recall that a class h G Hi (M, M) is said to be rational if there is A > such that 
\h G i^Hi{M,Z), where i : Hi{M,Z) ^ Hi{M,R) denotes the inclusion. The proof of the 
following proposition can be found in [24]. See also pOl apendix A]. 

Proposition A.l. Let M be a closed and oriented surface. Let /i G A4{L) be a measure p{fJ-)- 
minimizing such that p{fi) is rational. Then the support of fi is a union of closed orbits of L. 
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A. 2. Magnetic flows on T^. Let 5 be a riemannian metric in the torus = M^/Z^. Given an 
exact 2- form drj in T^, the magnetic flow associated to dry is given by the Euler-Lagrange equations 
of the lagrangian Ljj{x,v) = ^gx{v,v) — rix{v). The main resuh of this appendix is: 

Proposition A. 2. Given c > co{Ljj) there is an exact 2-form dJq G Vfi{T'^) arbitrarily C^-close to 
drj, with 1 < r < 00, such that htop{df], c) > 0. 

Proof. By theorem O there is a C"'-residual subset 0{c) C {fl e Vt^{T'^) ; [n] = 0} such that 
for all il G 0{c) the exact magnetic flow 4)^\t''M satisfies: all closed orbit are hyperbolic or elliptic 
and all hcteroclinic points are transversal. Since L 1— > c(L) is continuous in the set of the lagrangians 
endowed with the uniform topology in compact subsets of TT^ (cf. remark in |1H pgl7]), we can 
choose an exact 2-form arbitrarily C-close to drj, with 1 < r < 00, that satisfies G C(c) and 
c > co(L^). 

Let i : Hi{T'^,Z) ^ Hi{T^,lR) be the inclusion. RecaU that Hi{T^,Z) = and that 
Hi{T'^,R) = R^. Then {(0, 1), (1,0)} C Hi{T'^,Z) is a base of Hi{T'^,R). It is easy to see that if 
ao, OLi are two closed curves in T^, with [ap] = (0, 1) and [ai] — (1, 0), then ^ ai ^ 0. 

By applying lemma \Ka\ for /ip = (0, 1) G Hi{T^,Z), we obtain a closed 1-form ujq on and 
Ao G IR, such that c ~ a{[LUo]) = c(i^ — wq). Hence, if jiQ G ■M{L^) is a (Aoft.o)-niinimizing measure, 
then: 

Al^-u^oM ^ min {^L^_^o(^)}. 

Since p{po) — Aq/iq is rational, by proposition lA.l) the support of /io is a union of periodic orbits. 

Let A([wo]) C TM the Mather's set associated to [luo] G H^{T^,1R). By definition of A([a;o]), we 
have that Supp(/^o) C A([ti;o])- By the graph theorem 7r|A([^^]) : A{[ljq]) is injective. Hence, 

if 71,72 : M ^ are two distinct closed d^-magnetic geodesies contained in tt{A{[llJo])), then 71 
and 72 must be simple closed curves and [71] — ^[72] G Hi(T^, Z), because otherwise 71 H 72 7^ 0. 
Let t <—>■ (7(i),7(i)) be a closed orbit contained in the support of the measure fiQ and let fij be the 
probability measure supported in {'j{t),j{t)). By definition of p, we have that 

[7] 

p(m7) = 

where T > denotes the period of 7. It follows from p(/io) = -^o^o £ind linearity of p, that [7] = n^hQ 
for some 7^ tiq G 

Recall that if a measure /i G A4"° (L ^ ) , then all ergodic components of fi are contained in Al'^" (L^ ) 
too (cf. [22I pg. 78]). Since c = c{L^ - ujq) > co{L^) = -/3(0) and M'^"{L^) is a closed set, there is 
A: > such that 

(35) \p{fi)\>k>0, for all ji e M'^"iL^). 

Therefore, the period of a periodic orbit contained in Supp(/xo) is bounded. Then Supp(/xo) is a 
finite number of periodic orbits of (because d^ G 0{c)). 

Let /I 7^ /io be an invariant measure contained in A4'^°. We will show that p{fj,) G (ho) C 
Hi{T^,R). Observe that, if 7 G 7r( Supp(/io)) then [7] 7^ and the set C-y = - {7} define 
an open cylinder. By the graph property of A([a;o]), we have that Supp(/i)nSupp(/io) = 0. Hence 
7r(Supp(/i)) C Cy. Therefore p{ji) G i*{Hi{C-y,M)) C Hi{T'^,M), where i : is the 

inclusion. By definition of C-y we have that p{p) G (ho) C iJi (T^ , JR) . Therefore 

M"°{L^)c{pEM{L^) ; p{p}e{ho) }. 

Using again the proposition I A. 1 1 and the inequality psp . we obtain that the set A([a;o]) is a union 
of a finite number of periodic orbits for the lagrangian L^. 

If there is a non- hyperbolic closed orbit in A([a;o]), then this proposition reduces to theorem ll.il 
It remains to consider the case where all periodic orbits are hyperbolic. Let7i : M (with 



22 



JOSE ANTONIO GONgALVES MIRANDA 



i = 1, ...,n) be closed magnetic geodesies such that 

n 

7r(A([c.o])) = U l^. 

i=l 

Since Supp(/io) C A([a;o]), we have that [7^] — n^ho — (0,no) S Hi{T'^ , Z), for all i € {l,...,n}. 
Given 9 € TM we denote by 79 : iR — > Af the unique solution of the Euler-Lagrange equations of 
L^, with the initial condition (7e(0), 7e(0)) = 9. Let 

S(wo) = - uq) = {6* e TA/ ; jg : M ^ M is static for {L^ ~ wq)}, 

and let A be the set of all static classes for the lagrangian — lu. Recall that A{[uJo]) C S(ij-'o), 
and since each static class is a connected set (proposition 3.4 in [H]), for each 1 < i < n, the orbit 
{ji{t) , ji{t)) is contained in a static class. On the other hand, theorem IA.3I implies that each static 
class contains at least one of the periodic orbits in the set A([ci;o])- Hence the number of static classes 
is bounded by n. 

Suppose that A([a;o]) — S(cjo)- Then each closed orbit in A([ijJo]) is a static class. Let Ai, A„ 
be the static classes for the lagrangian — ujq- Applying the theorem lA.lj we obtain that Ai ^ Aj, 
for all i,j e {1, ...,n}. In particular Ai < Ai. Therefore, there is a point 9 £ S(ajo) = ^(-^c ~ "^o) 
such that the a-hmit set a{9) C Ai and the w-limit set uj{9) C Ai. Since (7i(0: 7i(0) = Ai is a 
hyperbolic orbit of (f>f^\T''M and that € C'(c), we have that Ai has a transversal homoclinic orbit 
(j>^^{9). Then htop{d,^, c) > 0, which proves the theorem in this case. 

We will now consider the case A([ajo]) ^ I]{ujq). For each 9 e S(i^o) \ A([wo]), by the graph 
property of the static set S(wo)j the magnetic geodesic 79 : J? ^ has no self-intersection points 
and 7e fl 7r(A([ti;o])) — 0- Moreover, by theorem IA.3| we have that the a-limit and w-limit sets are 
contained in the Mather set A([cl;o])- Since a curve on T^, that accumulates in positive time to 
more than one closed curve, must have self-intersection points, we have that uj{9) is a single closed 
orbit. By the same arguments, we have that a{9) is a single closed orbit. Since £ 0{c), the orbit 
(t>t^{9) is a transversal heteroclinic orbit. Certainly, if A([(jJo]) is a unique closed orbit, then (j)'l^{9) 
is a transversal homoclinic orbit, which implies htopid^,c) > 0. In the opposite case, i.e, n > 1, by 
recurrence property ( theorem lA. 21 ). we have that if G 5](aJo) \ ^([wo]), then 9 is an (e, r)-chain 
connected in E(a;o), for all e > and T > 0, i.e, there is a finite sequence {(Ci7*i)}i=i ^ ^{^^o} x -K, 
such that Ci = Ca; = T < ti and Ci-i-i) < for i — l,...,k — 1. Since the closed 

magnetic geodesies in 7r(A([ijJo])) are isolated on the torus, we have that for e small enough, the set 
{'^{Ci)}i=i C 7r(I]((jJo)) rnust intersect the interior of each one of the cylinders obtained by cutting the 
torus along the two curves 7i,7j G 7r(A([ajo])), with I < i, j < n. Therefore, choosing an orientation 
on 7r(A([ajo])) and reordering the indices, we obtain a cycle of transversal heteroclinic orbits. This 
implies that htop{d^,c) > 0. 

□ 
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